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ABSTRACT 

This paper shows how existing graph theoretic 

measures of centrality may be combined with the emerg-

ing framework of subset team games to generate new 

ways of understanding networks. In particular, coopera-

tion space is a new concept defined within the framework 

that encodes a wealth of information regarding the state of 

cooperation within a network, including the key players 

(or subsets of players) and potential points of disruption. 

We discuss in detail multiple methods for generating 

data in cooperation space, given a standard graph theoret-

ic metric such as nodal centrality. We illustrate these ide-

as with several concrete examples that apply the tech-

niques to specific networks, and discuss insights that can 

be gained from this approach. Finally, we discuss why al-

truism is a key factor in network effectiveness, and the 

impact of these ideas on network disruption. 

1. INTRODUCTION  

Traditional approaches to social network analysis 

typically proceed either by studying individual nodes or 

by studying the graph as a whole (Wasserman & Faust, 

1994). Other methods, such as clustering, allow one to in-

vestigate more compositional properties. Outside from 

simple statistical techniques, there are few theories that 

attempt to take a unified approach, encompassing both the 

individual and the team view. This paper takes some pre-

liminary steps toward precisely this kind of theory using 

subset team games and nodal metrics. 

The framework of subset team games was developed 

in an attempt to understand cooperation simultaneously at 

the individual and the team level. In earlier work (Arney 

& Peterson, 2009), it is evident that the framework is a 

useful analytical tool for understanding cooperation in a 

system. This is because it provides notions of both altruis-

tic and selfish cooperation. This is important because en-

tities in real life are not rational in the strict sense of clas-

sical cooperative game theory (Axelrod, 1984) (von 

Neumann, 1928) (Sally, 1995). Instead, and particularly 

in the Army, teams of individuals are designed to work 

together for the common good. Most human beings do not 

follow the ruthless laws of economics. 

As the American Army becomes more networked, 

there is an increasing need for mathematical models of 

cooperation with a wider scope. While a mathematical 

theory of cooperation has existed for some time, in the 

form of cooperative game theory (von Neumann, 1928), 

this theory is not well-suited to the kinds of cooperation 

of interest to the Army; it assumes that individual agents 

act rationally, while in the Army, individuals tend to have 

altruistic motives; they are interested in the benefit to the 

team. Other notions of cooperative systems are also 

emerging as vital to the modern Army, such as robotic 

teams, teams of software agents, groups of sensors, and 

there are additional questions regarding systems with both 

human and artificial agents. At a meta level, one may 

even discuss cooperation within teams of teams. 

In this paper, we use an emerging framework called 

subset team games to understand the forces of selfishness 

and altruism within graphs/networks. We will describe the 

theory behind the framework, show how it can be generi-

cally applied to network metrics, and provide several ex-

amples illustrating how it may be used as an analytical 

tool. One of the key tools is cooperation space, in which 

subsets of a team are plotted based on their altruistic and 

competitive contributions. This provides an overall sense 

of the nature of cooperation within the network; one ap-

plication is an understanding of vulnerabilities within a 

network. 

While subset team games will not provide all the an-

swers, they do show promise as a unifying way to under-

stand cooperation at the individual, subset, and team lev-

els. This paper builds upon existing research on the 

framework, and provides several concrete applications in-

cluding a new means to generate analytical tools for net-

works. This new approach benefits the Army by provid-

ing a new set of techniques for understanding and 

analyzing cooperation in teams and networks. 

2. SUBSET TEAM GAMES 

Classical cooperative game theory, first introduced 

by von Neumann (von Neumann, 1928), offers a good 

starting point for the study of cooperation. Game theorists 

have long known how to formalize competitive coopera-

tion (Burger, 1959) (Osborne, 2003). Cooperative game 

theory deals with just this situation, and rewards agents 

according to their marginal contributions to a particular 
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goal. In altruistic cooperation, on the other hand, a player 

acting selflessly may pursue a particular action that bene-

fits the team, even when it does not benefit the player di-

rectly. 

Subset team games (Arney & Peterson, 2008) is a 

framework that resembles some elements of classical co-

operative game theory, but is intended to capture more 

general notions of cooperation across the spectrum be-

tween the individual and the team. In this framework, the 

notion of altruism is captured by defining a utility func-

tion for all subsets of players rather than for just the team 

or individual players:  

 

Definition  (Arney & Peterson, 2008). A subset team 

game is a collection Ὃ Ὕȟὢȟὠȟό Ṓ , where T is a 

set of players, X is the space of outcomes, ὠȡς ᴼς  is a 

consequence function mapping each coalition of players 

to a subset of the outcome space X, and ό is a subset util-

ity function assigning a value ό ὼ, as perceived by a 

subset ὛṒὝ, to each outcome ὼɴ ὢ. 

 

When speaking of ό ὼ, we call S the assessing sub-

set. We often assume that ὼɴ ὠὙ  for some ὙṓὛ, 
which means that the outcome being assessed is achieva-

ble by some larger coalition that includes S. 

If the perceived utility of an outcome x increases with 

the size of the assessing subset, so that ό ὼ ό ὼ 

whenever ὛṒὛ, we say that the utility function is sensi-

ble with respect to the outcome x. Functions that are sen-

sible with respect to all outcomes are called sensible. 

Given coalitions ὛṒὙṒὝ, we say that the utility 

function is (S,R)-cohesive if ό ὼ ό ὼᴂ for all out-

comes ὼɴ ὠὛ and ὼᴂɴ ὠὙ . This fairly strong condi-

tion states that the subset S prefers outcomes in which all 

of R participates. See Figure 1. 

 

Figure 1. Cohesiveness and sensibility describe 

situations in which the utility of an outcome increases 

when either more players participate (cohesiveness) or 

more players assess (sensibility).  

2.1 Metrics of Cooperation 

The remainder of the paper concerns the special case 

where the consequence function ὠȡς ᴼς  is single-

valued and exogenous (fixed). We assume that the utility 

function takes on real values, so that όȡὢᴼᴙ. In this 

case, we write the subset utility function for all subsets S 

and R of T as 

 ό Ὑ ḳό ὠὙ . (1) 

So the function consists of maps όȡς ᴼᴙ. As later ex-

amples will demonstrate, we do not assume this utility is 

transferable across subsets. However, we do assume that 

the relative values of ό Ὑ  and ό Ὑᴂ may be meaning-

fully compared. In particular, we assume the sign of 

ό Ὑ ό Ὑᴂ indicates whether the outcome  ὠὙ  is 

more useful to Ὓ than the outcome ὠὙᴂ is to Ὓᴂ. 
One key concept is how much a particular player con-

tributes to the team. The total marginal contribution of a 

coalition ὛṒὝ is the difference in group utility between 

the outcome ὠὝ and the outcome ὠὝʌ Ὓ when the 

players in S do not participate: 

 ά ḳά Ὕ ό Ὕ όᶺ Ὕʌ Ὓ. (2) 

The subset team game framework allows us to go fur-

ther than this marginal contribution. The marginal contri-

bution of S to R is 

 ά Ὑ ό Ὑ όᶺ Ὑ Ὓʌ. (3) 

(If S is not a subset of R, then Ὑ ὛʌḳὙᶺὙ᷊Ὓ.) The 

competitive contribution of S to R is 

 ὧ Ὑ ό Ὑ όᶺ Ὑ. (4) 

The altruistic contribution of S to R is 

 ὥ Ὑ όᶺ Ὑ όᶺ Ὑ Ὓʌ. (5) 

The competitive contribution measures a difference in 

perception, while the altruistic contribution measures a 

difference in outcome. 

It follows that the total marginal contribution is 

 ά Ὑ ὧὙ ὥ Ὑ. (6) 

This summation is depicted visually in Figure 2. Also 

note that ὥ Ὑ π if and only if the utility is (S,R)-

cohesive, and ὧὙ π if and only if the utility is sensi-

ble for the outcome ὠὙȢ 

 

 

Figure 2. The altruistic, competitive, and total 

marginal contributions of a subset of players. 
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Figure 3. Cooperation space of a coalition A. Ideal 

behaviors take values in Quadrant I. 

2.2 Cooperation Space and Quantitative Analysis 

When subset utility functions are fixed and meet the 

assumptions specified in the previous section, altruistic 

and competitive contributions provide an analytical tool 

for comparing the value of various subsets of a ñteamò of 

players. The utility function όȡς ᴼᴙ may be used to 

define a map ς ς ᴼᴙ ᴙ defined by 

ὛȟὙ ὥ ὙȟὧὙ Ȣ 

We call this the cooperation map, and say that it takes 

values in cooperation space. When Ὑ Ὕ, we say that the 

image of ὛȟὝ is the cooperative value of S. Figure 3 is a 

visual depiction of this space, along with regions marked 

by sensibility and cohesiveness. Points with zero total 

marginal contribution comprise the diagonal line ὥ
ὧ π. Since ό Ὑ Õᶺ 2ʌ 3 ά 2 provides a 

recursive formula for the utility of R, single-valued utility 

functions are completely determined by the null-utility 

όɲ ᶮ and their representation in cooperation space. 

In the special case Ὑ Ὕ, the cooperation map takes 

the form ς ᴼᴙ ᴙ with Ὓ ὥ ὝȟὧὝ , which 

can be viewed as a ȿὝȿ-dimensional hypercube embedded 

in ᴙ ᴙ. For now, we will call this the cooperation com-

plex of the game. 

2.3 Example: Prisonerôs Dilemma 

Prisonerôs Dilemma is a classic example that high-

lights the question of rationality in human players. Players 

are being interrogated, and must decide whether to keep 

silent (cooperate) or turn in their partner (defect). A repre-

sentative payoff matrix is shown in Figure 4. The dilem-

ma arises because the rational choice for both players is 

to defect. On the other hand, both would do better if they 

chose to cooperate. And in social experiments, real play-

ers often do choose to cooperate (Sally, 1995). 

Under the subset team game framework, the utility 

model may be extended to a subset utility function by 

adding the individual utilities together, as shown in Figure 

5. We must also ñaugmentò the game by assuming a utili-

ty to an individual player in the outcome where a single 

player participates. We choose a utility of 1, as it is the 

best a single player can achieve. 

One can use the ST framework to analyze collective 

behavior. Each pair of behaviors gives a different subset 

utility function, hence a separate collection of points in 

cooperation space. The competitive cooperation values 

can be read directly from the chart, and correspond to the 

individual utilities. The altruistic values compare a play-

erôs utility here to the individual utility. If both cooperate, 

each playerôs cooperative value is (1,2), so the behaviors 

are both sensible and cohesive. If both defect, each play-

erôs cooperative value is (0,1), so the behaviors are sensi-

ble but borderline-cohesive. If one defects and the other 

cooperates, the cooperative values are (-1,3) for the de-

fector and (2,0) for the cooperator. This outcome is not 

cohesive. Figure 6 summarizes these calculations. 

 
cooperate defect 

cooperate 2,2 0,3 

defect 3,0 1,1 

Figure 4. Payoff bimatrix in the classic Prisonerôs 

Dilemma game. 

 
cooperate defect 

cooperate 2,2|4 0,3|3 

defect 3,0|3 1,1|2 

Figure 5. Generalized payoff matrix describing 

subset assessments of ╥╣ in the modified Prisonerôs 

Dilemma subset team game. The term after the pipe (|) 

indicates the utility of the outcome to the team T.  

 

Figure 6. Various player strategies in Prisonerôs 

Dilemma, viewed as points in cooperation space. 
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3. GRAPH THEORY AND SOCIAL NETWORKS  

The importance of cooperation in social networks 

cannot be overstated. Cooperation is central to the theory 

of network science, as the sharing of information is by 

definition a cooperative behavior. The techniques in this 

paper link the mathematics of graph theory and the social 

elements of selfish and altruistic cooperation.  

3.1 Subset Team Games with Graph Metrics 

In this section, we will use the network itself as the 

ñoutcomeò of a subset team game, whose players are the 

nodes of the network. Given a graph Ὃ ὠȟὉ  with ver-

tex set V and edge set E, a subset of V is a coalition, and 

the outcome for this coalition will be the subgraph ὋὙ , 

the subset of G formed from the vertices in the subset R 

and the edges between them. 

The most commonly used metrics in network science 

are defined only for single nodes within the network 

(Wasserman & Faust, 1994). However, subset team 

games require metrics defined for subsets of nodes, in or-

der to capture the idea that different subsets perceive the 

value of an outcome differently. 

Let όȡὠᴼᴙ be a metric defined on individual 

nodes of a graph G. There are a number of ways to extend 

u to a metric όᴂȡς ᴼᴙ defined over all subsets. One can 

sum a metric over individual nodes, average a metric over 

individual nodes, or define the metric to be that obtained 

when a subset is contracted to a point. 

Summing and averaging give essentially the same 

metrics. With respect to subset utilities, however, the av-

erage is not a sensible utility function, so it is less useful 

in our context. We will treat both summation and contrac-

tion techniques in the following sections. 

3.2 Additively -Derived Utilities  

Summation is the easiest way to convert an individu-

al node metric into a subset metric. Given the node metric  

όȡὠᴼᴙ, define the additive subset utility derived from 

u to be 

 „ Ὑ В Õ Ὥᶰ Ȣ  (7) 

This can be interpreted as the sum of the ñutilityò to Ὥ of 

the ñoutcomeò subgraph ὋὙ . If ό  is a nodal metric, it 

is the sum of metrics for nodes in Ὓ with respect to the 

subgraph. Note that if the individual metrics are always 

nonnegative, this definition ensures that the subset game 

is always sensible. 

In this additive case, metrics of selfish and altruistic 

cooperation may be expressed as follows:  

 ὧ ὠ В ό Ὥᶰ В Õ Ὥᶰ ᶺ  (8) 

  В ό Ὥᶰ „ ὠȢ  

 ὥ ὠ „ᶺ ὠ „ᶺ ὠ Ὓʌ (9) 

 В ό Ὥ ό ᶺ Ὥᶰ ᶺ  .  

3.2.1 Example: Degree 

In an undirected, unweighted graph without loops, 

the summation utility corresponding to the degree map 

όȡὺᵐÄÅÇὺ is 

 „ Ὑ В ÄÅÇ ÉȢᶰ  (10) 

As described above in equation (9), this is also the selfish 

contribution ὧ Ὓ of the subset Ὓ. The altruistic contribu-

tion of Ὓ is 

 ὥ ὠ В ÄÅÇ Ὥ ÄÅÇ͵ Ὥᶰ ͵ Ȣ (11) 

For each node Ὥ in ὠ Ὓʌ, this net value counts the degree 

of Ὥ with respect to nodes in Ὓ only; hence ὥ ὠ is the 

total number of edges between Ὓ and ὠ Ὓʌ. 

3.2.2 Example: Weighted Indegree 

In the case of a weighted, directed graph with loops 

allowed, the analysis is fairly similar. The summation util-

ity corresponding to the indegree map όȡὺᵐÉÎÄÅÇὺ is 

 „ Ὑ В ÉÎÄÅÇὭȢᶰ  (12) 

This is the total indegree of all vertices in S in the sub-
graph ὋὙ. An example is shown in Figure 7, where 
the metric for nodes is the total weighted indegree. By 
equation (9), the selfish contribution is precisely the 
individual utility of a subset: ὧ Ὑ „ Ὑ, represent-
ing the total weight along edges terminating in R. For 
example, ὧ ὠ ό ὠ χ because its weighted 
indegree is 7, while ὧ ὠ ρς because the total 
weighted indegree of ὃ and ὄ is 12. 

  

Figure 7. A weighted graph in which the indegree 

can be used to derive an additive subset utility. 
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By equation (10), the altruistic contribution is the to-

tal indegree of ὠ Ὓʌ in ὠ minus the total indegree of 

ὠ Ὓʌ in ὠ Ὓʌ, which simplifies to the total degree along 

edges pointing from Ὓ to ὠ Ὓʌ. Figure 8 shows the corre-

sponding cooperation complex. For example, ὥ ὠ ς 
because the total weighted degree of edges from ὃ to 

ὄȟὅȟὈ is 2. The most altruistic subsets, by subset size, are 

C, CD, and ACD/BCD. If the utility of the graph is meas-

ured solely by degree, then these are the subsets whose 

removal will cause the most disruption in the graph. 

 

Figure 8. Cooperation complex based on weighted 

indegree metric for the graph in Figure 7. 

3.3 Contraction-Derived Utilities  

Subset contraction is another approach to defining 

subset metrics. Let όȡὠᴼᴙ be a node metric as above, 

and let ὋȾὛ represent the graph G in which the nodes in S 

have been contracted to a point, as in Figure 9. The con-

traction subset utility derived from u is 

 ‖ Ὑ ό Ⱦ Ὓ
ᶻȢ (13) 

This is the value to Ὓᶻ ÏÆ ÔÈÅ ȰÏÕÔÃÏÍÅȱ ὋὙȾὛ, the 
subgraph induced by R with the nodes in S contracted 
to a point, where Ὓᶻ is the contracted node. 

In the definition of contraction of Ὓ, there is a choice 

to be made concerning whether or not the contraction re-

moves edges in Ὓ or collapses them to a self-loop at the 

new vertex Ὓᶻ. Unless explicitly stated, we assume the 

edges disappear. 

   

Figure 9. A graph with a subset S contracted to a 

point S
*
. 

3.3.1 Example: Degree 

For degree, the contraction technique is not particu-

larly useful, because the total marginal contribution of 

any subset, subject to these definitions, is 0. Why? In the 

definition of ‖ Ὑ , one has ‖ Ὓ ό Ⱦ Ὓ
ᶻ , which 

is the degree of a node in a graph with a single node. That 

degree is always 0, which leads to the conclusion 

 ὧ ὠ ‖͵ ὠ Á 6 όȾ ᶺ ὠ Ὓʌᶻ . 

Therefore ‖͵ ὠ encodes all of the information in the 

cooperation metrics directly. Its interpretation is the 
degree of ὠ Ὓʌᶻ in the graph where the vertices not 
in Ὓ have been contracted to a point, or simply the 
number of edges between Ὓ and its complement. This 
is the same value in (12) for the altruistic contribution 
in the additive case. The game is limited to Quadrant 
IV of cooperation space: cohesive but non-sensible. 

3.3.2 Example: Decay Centrality 

The idea of contraction is more useful with other 

graph metrics. Let  

 ό Ὥ В ‏ ȟ
ᶰ   (14) 

be the decay centrality of the vertex Ὥɴ ὠ, where ‏ is a 

parameter between 0 and 1 (Jackson, 2008). Define 

 ‖ Ὑ В ‏ ȟ
ᶰ ȟ (15) 

which may be interpreted as the decay centrality of the 

node corresponding to S in the contracted graph ὋὙȾὛ 
(plus ȿὛȿ). Since ὨὛȟὮ π for any Ὦɴ Ὓ, one sees that  

 ‖ Ὓ ȿὛȿ.   

We also calculate 

 ὥ ὠ ‖ᶺ ὠ ȿὠ Ὓʌȿ (16) 

 В ‏ ᶺȟ
ᶰ ȟ  

 ὧ ὠ ά ὠ ὥ ὠ (17) 

ȿὠȿ ȿὠ Ὓʌȿ ὥ ὠ  

 ȿὛȿ В ‏ ᶺȟ
ᶰ Ȣ  

Both of these are positive since each of the ȿὛȿ terms in 

В ‏ ᶺȟ
ᶰ  is less than 1. 

In the example of Figure 9, the graph ὋȾὛ, in which 

the vertices in  Ὓ have been contracted to a point, is 

shown at right. The altruistic contribution of ὠ Ὓʌ is the 

sum over all vertices in ὠ Ὓʌ  of ‏ raised to an exponent 

equal to the distance from that vertex to the set. So 

ὥᶺ ὠ τ‏ ς‏, since there are four vertices at a 

distance 1 from the set, and 2 vertices at a distance of 2 

from the set. 
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4. OTHER SUBSET METRICS IN GRAPHS 

There are many other ways to define subset metrics 

on graphs. For many realistic scenarios, the concepts of 

ñaltruismò and ñselfishnessò defined in the previous sec-

tion may have limited use. Here our metric definitions are 

motivated by underlying ñteamò goals. 

4.1 Component Size 

A natural team goal is allowing every node in a graph 

to be able to communicate with every other node in the 

graph. To capture this in a subset team game, we take 

ό Ὑ  to be the maximum size of a connected component 

of ὋὙ  containing a vertex in S. This function satisfies 

both the cohesive and sensible conditions. Using this utili-

ty function, one can completely classify the selfish and 

altruistic subsets (Arney & Peterson, 2008). 

 Figure 10 shows how to compute the contributions 

of the vertex set Ὓ ρȟςȟσȟτ. The altruistic contribution 

measures the difference in perceptions of vertex 5 be-

tween (a) and (b). The difference in component size is +1, 

the altruistic contribution. The selfish contribution 

measures the difference in sizes between the component 

of 5 and the largest component in the entire graph. Here, 

the difference is +1. So the cooperative value of the sub-

set is (+1,+1). In Figure 11, Ὓ ς has altruistic contri-

bution +3, and zero competitive contribution. The cooper-

ative value is (+3,0). 

 

Figure 10. Schematic for finding the marginal 

contributions of vertices 1-4 to the overall graph. 

 

Figure 11. Schematic for finding the marginal 

contributions of vertex 2 to the overall graph. 

4.2 Flow of Information  in a Graph 

Another goal is minimizing the time it takes for two 

players to communicate. There are many ways to repre-

sent this into a graph theoretic concept; the average dis-

tance between two nodes in a graph provides one rough 

approximation for the communications time. Let ό Ὑ  be 

the average distance between nodes in S in ὋὙ : 

 ό Ὑ ȿȿВ Ὠ ὭȟὮȟɴ Ȣ  (18) 

The corresponding metrics of selfish and altruistic 

cooperation are expressed as follows: 

 ὧὠ ȿȿВ ὨὭȟὮȟɴ ȿ͵ȿ
В ὨὭȟὮȟɴ ͵  

 ὥ ὠ ȿ͵ȿВ ὨὭȟὮ Ὠ ͵ ὭȟὮȟɴ ͵ Ȣ 

The altruistic metric captures the difference in dis-

tances between elements of ὠ Ὓʌ with and without the 

presence of the nodes in Ὓ. So highly ñaltruisticò subsets 

should also have a high betweenness centrality. 

Figure 12 shows a graph with and without a subset of 

vertices. In this case, ό ὠ χχȾσφ, ό͵ ὠ σρȾρυ, 

and ό͵ ὠ Ὓʌ συȾρυ, and so ὧὠ πȢπχς and 

ὥ ὠ πȢςφχ. Since a smaller average distance is de-

sirable, this subset has a large altruistic contribution, as 

expected because of its central location in the graph. 

 

Figure 12. G(V\S) is the graph with the vertices in 

S removed.  

 There are (at least) two potential problems with this 

computation. First, the selfish contribution is positive; 

since a smaller utility is desirable, this means the subset 

team metric is not sensible. Second, the removal of some 

subsets will make connections between vertices impossi-

ble, and the corresponding distances undefined. We can 

resolve this problem by making a few adjustments to the 

metric. First, we use a summation in place of an average 

to ensure that the game remains sensible. Second, we in-

vert the distance so that disconnected vertices make a 0 

contribution. The adjusted metric is 

 ό Ὑ В Ὠ ὭȟὮȟɴ Ȣ (19)  

We call this metric the sum inverted distance subset team 

metric. The selfish and altruistic cooperation are: 

 ὧὠ В ὨὭȟὮȟɴ В ὨὭȟὮȟɴ ͵   

 ὥ ὠ В ὨὭȟὮ Ὠ ͵ ὭȟὮȟɴ ͵ Ȣ 

For the same example, ό ὠ ςπȢχυ, ό͵ ὠ

ωȢπψσ, and ό͵ ὠ Ὓʌ ψȢχ, and so ὧ ὠ ρρȢφφχ 

and ὥ ὠ πȢσψσ. Now, both values are positive. The 
large selfish contribution reflects the gain in commu-
nications options to and from Ὓ. The comparatively 
small altruistic contribution re flects a modest im-
provement in communications provided by Ὓ to the 
remainder of the graph. 

 S 

G(V\S)  

http://triathematician.wikidot.com/local--files/research:papers:netsci-paper/clgraph1.svg
http://triathematician.wikidot.com/local--files/research:papers:netsci-paper/clgraph2.svg
http://triathematician.wikidot.com/local--files/research:papers:netsci-paper/clgraph1.svg
http://triathematician.wikidot.com/local--files/research:papers:netsci-paper/clgraph2.svg
http://triathematician.wikidot.com/local--files/research:papers:netsci-paper/clgraph1.svg
http://triathematician.wikidot.com/local--files/research:papers:netsci-paper/clgraph2.svg
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5. APPLICATION  TO A REAL WORLD GRAPHS  

We now illustrate the use of our metrics for the clas-

sic example of the Florentine family network (Padgett, 

1987). The Florentine family dataset is a classic example 

in social network theory, consisting of the marriage and 

business relationships of 16 families in Renaissance Italy. 

We analyze the cooperation complex for the marriage 

network via the sum inverted distance metric. 

 

Figure 13. Florentine family marriage network. 

Since there are 16 families, the full cooperation com-

plex consists of ς φυυσφ points. A wealth of obser-

vations can be gleaned from this data. The points for indi-

viduals are shown in Figure 14 below. The most notable 

observation is the relatively few altruistic families. The 

node at far right is the Medici family; in terms of classic 

metrics, this closely reflects high betweenness centrality. 

Figure 15 shows the same calculation for subsets of size 

3. The presence of two horizontal ñwedgesò of points 

arises because the Pucci family is disconnected from the 

remainder of the graph. In this case, the Medici/Guadagni 

subset has the maximum altruistic contribution, although 

it is not a clear maximum. 

 

Figure 14. Cooperation space for subsets with 1 

node (individual families). The Medici family (most 

altruistic) is at far right, reflecting its high between-

ness centrality score. 

  

Figure 15. Cooperation space for subsets with 3 

nodes. The bottom group consists of elements contain-

ing the Pucci family, which is disconnected from the 

rest of the families. 

A second way of looking at the data focuses on the 

most altruistic subsets of a given size. This is summarized 

in Table 1 below. The trend here involves adding addi-

tional nodes so that the resulting subset has ñmaximalò 

betweenness centrality; otherwise put, the removal of the-

se subsets would cause maximum disruption to the graph. 

The structure of these maximal subsets also indicates that 

a greedy approach may work well to calculate these sub-

sets, saving valuable computational time. 

Table 1. Most altruistic subsets (maximizing total 

contribution) of sizes 1-7. 

Subset Size Maximizing Subset 

1 Medici 

2 Medici, Guadagni 

3 Medici, Guadagni, Strozzi 

4 above + Peruzzi 

5 above + Pazzi 

6 above + Ginori 

7 above + Castellan 

 A third observation is that for higher subset sizes, 

there are often several subsets that have the same total 

contribution, but different partitions between altruism and 

selfishness. In Figure 16 below, there is the same pattern 

of two horizontal clusters of points, reflecting the discon-

nectedness of the Pucci family. The diagonal lines indi-

cate subsets with similar total contributions. In the diago-

nal line with greatest total contribution (equal to 50.517), 

the subset with greatest altruistic contribution (equal to 

14.5) is (Ginori, Guadagni, Medici, Pazzi, Peruzzi, Stroz-

zi), while that with lowest (equal to 11.5) is (Albizzi, Cas-

tellan, Guadagni, Medici, Strozzi, and either Ridolfi or 

Tornabuon). These subsets are depicted in Figure 17. The 

notable distinction is that the more altruistic subset is 

mostly disconnected, while the less altruistic subset has 

less connection.  
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